We give a complete list of hyperbolic two-bridge links which can admit complete exceptional surgeries. Whole of candidates of surgery slopes of them are also given.
Introduction
As an extension to the studies of exceptional surgeries on hyperbolic two-bridge links [5, 8, 13] , in this paper, we give a complete list of hyperbolic two-bridge links which can admit complete exceptional surgeries. Whole of candidates of surgery slopes of them are also given. Here, by a complete exceptional surgery on a hyperbolic link of n components along the slopes (γ 1 , . . . , γ n ), we mean Dehn surgery on whole components of the link to obtain a closed non-hyperbolic 3-manifold such that all its proper sub-fillings (namely, those obtained by replacing at least one non-empty surgery slope with an empty one) are hyperbolic.
For a continued fraction [a 1 , . . . , a k ] with non-zero integers a 1 , . . . , a k , let L [a 1 ,...,a k ] denote the two-bridge link in the 3-sphere S 3 , which is represented by a diagram in Figure 1 .
(Also see Figure 2 .) If [a 1 , . . . , a k ] = p/q, then we also denote the link, called the twobridge link of type p/q, by L p/q . Note that, following [3, 6] , we denote by [a 1 , ..., a k ] the following subtractive continued fraction: 1 a 1 − 1 a 2 − 1 a 3 − · · · − 1 a k Then our main theorem is the following. Theorem 1.1. If a hyperbolic two-bridge link L in S 3 admits a complete exceptional surgery along the slopes (γ 1 , γ 2 ), then L with (γ 1 , γ 2 ) are equivalent to one of those given in in Section 3.
Our study in this paper is motivated by the results given in [5, 8, 13] . In fact, our first approach to obtain Theorem 1.1 is based on the same technique in the previous studies in [13] , that is, using an essential branched surface. The other technique we use is the a 1 a 3 · · · · · · a k a k a 2 (k is odd) (k is even) Figure 1 . A diagram of a two-bridge link L [a 1 ,...,a k ] .
a i = · · · a i = · · · |a i | times right-handed half twists when a i > 0 |a i | times left-handed half twists when a i < 0 Figure 2 . The right-handed twists when a i > 0, and the left-handed twists when a i < 0.
computer-aided search of exceptional surgeries on hyperbolic links developed in [7] and utilized by the first-and the third-named authors in [9] . This paper is organized as follows. In Section 2, we propose a theorem as a key step toward Theorem 1.1. In fact, we give a list of families of hyperbolic two-bridge links containing all of them admitting complete exceptional surgeries (Theorem 2.1). In Section 3, by using a computer, we give a complete list of candidates of complete exceptional surgeries on two-bridge links listed in Theorem 2.1. This completes the proof of Theorem 1.1. In Appendix, we will give proofs of elementary algebraic two lemmas used in the proof of Theorem 2.1.
Constraints from essential branched surfaces
In this section, unless otherwise specified, L p/q denotes a hyperbolic two-bridge link of type p/q, and thus, p is odd and q is non-zero even. The purpose of this section is to show the following. Theorem 2.1. If L p/q admits a complete exceptional surgery, then L p/q is equivalent to one of the followings:
2n,−2 sgn(l),2l−1] with m ≥ 1, n = 0, l = 0, 1.
(c-2) L [2m+1,2n−1,−2 sgn(l),2l] with m ≥ 1, n = 0, 1, l = 0.
Here sgn(l) denotes 1 (resp. −1) when l is positive (resp. negative). In addition, in (b-1), (b-2) and (b-3), if m = 1, then n ≤ −2 holds.
2.1. Proof of Theorem 2.1. At first, we give a proof of Theorem 2.1 assuming several statements which will be proved in latter subsections. One of the key ingredients to prove Theorem 2.1 is Delman's construction [2] of essential branched surfaces which are described in terms of "allowable paths" with "channels". In Subsection 2.2, we will recall the definitions of them and give a brief review to introduce the following lemma which would be well-known for experts in this area. Lemma 2.2. If there exists an allowable path for p/q containing three channels, then L p/q admits no complete exceptional surgery.
In Subsection 2.3, we observe how to find channels in an allowable path by using a notion called "channel indices". In fact, we have the following which will be proved in Subsection 2.3. Proposition 2.3. If there are three channel indices for an even continued fraction [b 1 , . . . , b k ], then there exists an allowable path for p/q = [b 1 , . . . , b k ] with three channels except for the
The following two lemmas are elementary algebraic and independent from the other arguments. Thus, we put their proofs in Appendix. Lemma 2.4. Let a and a ′ be even integers with a ≥ 4 and a ′ ≥ 2. Each of the even continued fractions [a, 2, . . . , 2, 4, 2, . . . , 2] and [a ′ , −2, . . . , −2, −4, −2, . . . , −2] is expressed by one of the following continued fractions:
be an even continued fraction of p/q with at most two channel indices and k ≥ 3. Then p/q can be expressed by one of the following continued fractions:
In addition, in (1)-(3), if m = 1, then n ≤ −2.
Here we give a proof of Theorem 2.1 assuming Proposition 2.3 and Lemmas 2.2, 2.4, and 2.5.
Proof of Theorem 2.1. Let L p/q be a hyperbolic two-bridge link. Since q is non-zero even and p is odd, p/q can be expressed by an even continued fraction [b 1 , . . . , b k ], that is, all b i 's are even. Here k is odd by the parities of p and q again. Since L p/q is hyperbolic, it is a non-torus two-bridge link, and thus, we may assume that k ≥ 3. Then, by 
For the first two even continued fractions, we have Lemma 2.4. To complete the proof of Theorem 2.1, we have to enumerate even continued fractions with at most two channel indices. Then we have Lemma 2.5. From the continued fractions in Lemma 2.5 (0), (1)-(4), we obtain Theorem 2.1 (a-1), (b-1)-(b-4) respectively. Combining the continued fractions in Lemma 2.5 (5) with those in Lemma 2.4 (3), and those in Lemma 2.5 (7) with those in Lemma 2.4 (1), we have the continued fractions
Combining them, we obtain the continued fractions in Theorem 2.1 (c-1). Similarly, combining the continued fractions in Lemma 2.5 (6) with those in Lemma 2.4 (4), and those in Lemma 2.5 (8) with those in Lemma 2.4 (2), we have the continued fractions [2m + 1, 2n − 1, −2, 2l] with m ≥ 1, n = 0, 1, l ≥ 1 , and [2m + 1, 2n − 1, 2, 2l] with m ≥ 1, n = 0, 1, l ≤ −1 .
Combining them, we obtain the continued fractions in Theorem 2.1 (c-2). Now we complete the proof of Theorem 2.1 assuming Proposition 2.3 and Lemmas 2.2, 2.4, and 2.5.
2.2.
Delman's allowable path. In this subsection, we briefly review Delman's branched surfaces and allowable paths to introduce Lemma 2.2.
Delman constructed an essential branched surface in a rational tangle space, and studied Dehn surgery on a Montesinos knot in his unpublished preprint [2] . Actually, he gave a construction of such an essential branched surface and describe them by using a combinatorial object called an allowable path. Based on the work of Li [10] , Wu [14] proposed a sink mark description for branched surfaces. This description has made Delman's branched surfaces easy to treat. In the following, we briefly review these studies for our purpose, that is, to study Dehn surgeries on two-bridge links. Our notations are basically the same used in [14] , and we assume that the readers are somewhat familiar with those. For details about the definitions of terms used in the following, please refer [14] or [13, Section 5] .
As already mentioned in the proof of Theorem 2.1, for a hyperbolic two-bridge link L p/q , p/q can be expressed by an even continued fraction [b 1 , . . . , b k ] with k ≥ 3, where all b i 's are even.
We can construct the diagram D(p/q) associated to p/q, which is the minimal subdiagram of the Hatcher-Thurston diagram [6, Figure 4 ] that contains all minimal paths from 1/0 to p/q (see [13, Section 5] for example). The diagram D(p/q) can be constructed as follows: Let p/q = [b 1 . . . , b k ] be an even continued fraction of p/q. To each b i is associated a "fan" F b i consisting of |b i | simplices in D(p/q); see Figure 3 for the fans F 4 and F −4 . The edges labeled e 1 are called initial edges, and the ones labeled e 2 are called terminal edges. The diagram D(p/q) can be constructed by gluing the fans
then they have a 2-simplex in common. See Figure 4 for the diagram of [−2, 2, 4, 2]. As a sub-diagram of the Hatcher-Thurston diagram, each vertex of D(p/q) is associated a irreducible fraction or possibly 1/0. There are three possible parities of the numerators and the denominators of them: odd/odd, odd/even, or even/odd, denoted by o/o, o/e, and e/o, respectively. Note that the three vertices of any simplex in D(p/q) have mutually different parities. Also note that a vertex on initial or terminal edges of F b i always has parity o/e or e/o. We use the symbol " * " to indicate vertices with parity o/o. e 1 e 2 e 1 e 2 * * * * Figure 3 . The fans F 4 (left side) and F −4 (right side). * * * Figure 4 . The diagram of [−2, 2, 4, 2]. The fans F −2 and F 2 have one edge in common, and the fans F 2 and F 4 have a 2-simplex in common.
Take two simplices in D(p/q) with one edge in common. Assume that the two vertices which are not on the common edge are of the parity o/o. Then each of the arcs indicated in Figure 5 is called a channel which was essentially introduced by Delman [2] . Note that, though a channel connecting two vertices with common parity which is not o/o can be also defined, we only use a channel connecting two vertices with parity o/o.
A path γ in D(p/q) is a union of arcs, each of which is either an edge of D(p/q) or a channel. A path γ in D(p/q) is said to be allowable if the following three conditions hold (see [13, Definition 5.2] ). * * * * Figure 5 . Channels.
(1) γ passes any point of D(p/q) at most once.
(2) Other than the middle points of channels, γ intersects the interior of at most one edge of any given simplex. For brevity, by a path for p/q, we mean a path from 1/0 to p/q in the diagram D(p/q). Then we have the following lemma which was essentially obtained in [2] . Lemma 2.6. If there is an allowable path for p/q containing three channels, then we can construct essential branched surface Σ in the exterior
Proof. The construction of Σ was originally introduced by Delman [2] . Wu has reformulated the construction of Σ, and reprove that Σ is essential, see [14, Theorem 5.3] . Each channel creates two meridional cusps on ∂N(L) as in the proof of [14, Theorem 5.3] . In addition, one of the two meridional cusps is on V 1 , and the other is on V 2 as in the proof of [13, Lemma 5.3] . One can also show this fact directly by drawing the branched surface with a sink mark description introduced in [14] .
Remark 2.7. In Delman's branched surface, the tangencies at the branch points are introduced by a notion called "configuration". In this paper, we only use type I configuration (see [13, Figure 5 .2]).
From the above lemma, together with the studies on an essential branched surface in a hyperbolic 3-manifold due to Wu [12] , we obtain a proof of Lemma 2.2.
Proof of Lemma 2.2. By Lemma 2.6, we obtain an essential branched surface Σ in the exterior E(L p/q ) such that the two components of 2.3. Channel index. In this subsection, we observe how one can find allowable paths with channels in the diagram D(p/q) by using of channel indices, and prove Proposition 2.3. Actually, in [13, Lemma 5.4 ], Wu determined rational numbers p/q such that D(p/q) does not contain allowable paths with at least two channels. Our arguments in this subsection can be regarded as an extension of his arguments.
We start with introducing a channel index for an even continued fraction. As defined in [13, Section 5] , for an even continued fraction
We then explain how channels in allowable paths can be found if channel indices exist. We regard D(p/q) as a graph on a disk D, with all vertices on ∂D, containing ∂D as a sub-graph. Then an edge contained in ∂D is called a boundary edge. On the other hand, an edge contained in the interior of D is called an interior edge.
First
, which starts and ends with boundary edges of D(p/q). See the left side of Figure 6 for a channel in
, which starts with a boundary edge and ends with an interior edge, but its union with a boundary edge of D(p/q) is an allowable path. See the center of Figure 6 for a channel in F 4 ∪ F 2 .
Similarly, if b i b i+1 > 0 and b i+1 ≥ 4, then there is a channel which starts with an interior edge and ends with a boundary edge, but its union with a boundary edge of D(p/q) is an allowable path. See the right side of Figure 6 for a channel in F 2 ∪ F 4 . * * * * * * Figure 6 . Paths containing channels in F 2 ∪ F −2 , F 4 ∪ F 2 , and F 2 ∪ F 4 respectively. [2, 4, 2] , then the indices i and i + 1 are channel indices. However we cannot find a path with two channels in F 2 ∪ F 4 ∪ F 2 , and can only find a path with one channel, see Figure 7 . This situation also arises for
then we have a path with two channels. See Figure 8 for [2, 6, 2] and [−2, −6, −2]. * * * * Figure 7 . For [2, 4, 2] , although there are two channel indices, we can only find a path with one channel.
Here we give a proof of Proposition 2.3. * * * * * * Figure 8 . For [2, 6, 2] or [−2, −6, −2], we have a path with two channels.
Proof of Proposition 2.3. Let [b 1 , . . . , b k ] be an even continued fraction of p/q. We may assume that k ≥ 3 as already mentioned. As in [13, Section 5] , we may also assume that either (i) b 1 ≥ 4, or (ii) b 1 = 2 and b 2 ≤ −2. Thus, we can assume that the index i = 1 is always a channel index.
Suppose that there are three channel indices for p/q = [b 1 , . . . , b k ]. Let i and j be the second and the third channel indices respectively (2 ≤ i < j < k). We consider a path on D(p/q) starts from 1/0 with a bottom edge since b 1 is positive by the assumption.
The proof is achieved by case by case argument. For each case, we construct an allowable path with three channels by combining the channels introduced in Figure 6 .
This is the easiest case. Since the path starts with a bottom edge, the channel for the index 1 starts with a bottom edge and ends with a top edge of D(p/q). Since 1, i, j are the first three channel indices and b 1 is positive, b 2 , . . . , b i < 0 and b i+1 , . . . , b j > 0, and b j+1 < 0. Thus, the channel for the index i starts with a top edge and ends with a bottom edge, and the channel for the index j starts with a top edge and ends with a bottom edge. Then the three channels can be connected by boundary edges of D(p/q) to become an allowable path for p/q. Note that this works even if j = i + 1. As typical situations, see Figure 9 for the paths in the diagrams corresponding to [2, −2, 2, 2, −2] and [2, −2, −2, 2, −2]. * * * * * * * * Figure 9 . Allowable paths with three channels in the diagrams corresponding to [2, −2, 2, 2, −2] and [2, −2, −2, 2, −2].
By the similar argument for Case 1, we can find two channels for the indices 1 and i. The channel for the index i ends with a bottom edge. The path constructed as in the center or the right side of Figure 6 starts and ends with bottom edges. So they can be joined with boundary edges of D(p/q) to form an allowable path for p/q. Note that this works even if j = i+1. As typical situations, see Figure 10 for the paths in the diagrams corresponding to [2, −2, 2, 2, 4] and [2, −2, 2, 4, 2]. * * * * * * * * Figure 10 . Allowable paths with three channels in the diagrams corresponding to [2, −2, 2, 2, 4] and [2, −2, 2, 4, 2].
In this case, the channel for the index 1 starts with a bottom edge and ends with a top edge, the channel for the index i starts and ends with a top edge, and the channel for the index j starts with a top edge and ends with a bottom edge. Then the three channels can be connected by boundary edges of D(p/q) to become an allowable path for p/q. Note that this works even if j = i + 1. As typical situations, see Figure 11 for the paths in the diagrams corresponding to 
We omit details for this case since the proof is similar to that of Case 2.
In this case, we may assume that b 1 ≥ 4, because if b 1 = 2, then b 2 ≤ −2 and then b 1 b 2 < 0. Thus, the sub-diagram corresponding to [2, 4, 2] does not appear even if i = 2. Each of the channels for the indices 1 and i starts and ends with a bottom edge, and the channel for the index j starts with a bottom edge and ends with a top edge. Then the three channels can be connected by boundary edges of D(p/q) to become an allowable path for p/q. Note that this works even if j = i + 1. As typical situations, see Figure 12 for the paths in the diagrams corresponding to [4, 2, 4 
We can prove this case by the similar argument. As typical situations, see Figure 13 for the paths in the diagrams corresponding to [4, 2, 
In this case, we have to be careful since the sub-diagram corresponding to [−2, −4, −2] may appear. By the assumptions, b 2 , . . .
If b 2 ≤ −4, then i = 2 and we can find two channels in 
As typical situations, see Figure 15 for the paths in the diagrams corresponding to 
In this case, we also have to be careful since the sub-diagram corresponding to [2, 4, 2] may appear. We may assume that b 1 ≥ 4. By the assumptions, b 2 , . . . , b i , b i+1 , . . . , b j , b j+1 > 0. If b 2 ≥ 4, then i = 2 and we can find two channels in F b 2 ∪F b 3 and F b j ∪F b j+1 as in Case 5 even if j = i+1 = 3. As typical situations, see Figure 17 for the paths in the diagrams corresponding to [4, 4, 4, 2, 2] and [4, 4, 2, 4, 2] . Thus, we assume that b 2 = · · · = b i = 2. Then b i+1 ≥ 4. If b i+1 ≥ 6, then we can find two channels in
As typical situations, see Figure 18 for the paths in the diagrams corresponding to [4, 2, 6, 2, 2] and [4, 2, 2, 6, 2] . Thus, we assume that b i+1 = 4. Then j = i + 1. The case where b j = 2 is excluded in Proposition 2.3 as [b 1 , . . . , b k ] = [b 1 , 2, . . . , 2, 4, 2, . . . , 2]. Thus, we may assume that b j ≥ 4. Then we can construct an allowable path for p/q with three channels. As typical situations, see Figure 19 for the paths in the diagrams corresponding to [4, 2, 4, 4, 2] and [4, 2, 2, 4, 4] . Now we complete the proof of Proposition 2.3. * * * * * * * * Figure 17 . Allowable paths with three channels in the diagrams corresponding to [4, 4, 4, 2, 2] and [4, 4, 2, 4, 2] . * * * * * * * * Figure 18 . Allowable paths with three channels in the diagrams corresponding to [4, 2, 6, 2, 2] and [4, 2, 2, 6, 2]. Figure 19 . Allowable paths with three channels in the diagrams corresponding to [4, 2, 4, 4, 2] and [4, 2, 2, 4, 4] .
Computer search of exceptional surgeries
candidate exceptional surgeries along a given link. The code is called find exceptional fillings (see also [9] ). It utilizes hyperbolicity verifier HIKMOT [7] , and hence we can verify that all the slopes which do not appear in the result of find exceptional fillings give hyperbolic surgeries. We modified the code so that it only investigates slopes specified in Figure 20 , Figure 21 , and Figure 22 . However, if we only use find exceptional fillings and HIKMOT, we get many "candidate exceptional slopes" which quite likely to be hyperbolic. This is because SnapPy often finds non-geometric solutions (whose solution type is called 'contains negatively oriented tetrahedra' in SnapPy) especially for closed manifolds. Most of such manifolds have hyperbolic structures, but unfortunately, SnapPy's randomize function does not work in many cases. To prove those closed manifolds to be hyperbolic, we used [7, Algorithm 2]. In the algorithm, we try drilling out a closed geodesic and then by refilling, we get a new surgery description of a given closed manifold. By this procedure, we have much better chance to obtain geometrics solutions. In a few cases, [7, Algorithm 2] does not suffice and we need to take finite coverings and apply [7, Algorithm 2] . For more detail see the codes available as ancillary files of arXiv version of this paper. The results of the calculations are presented in Tables 1-6. We remark that the link (c-2) given in Theorem 2.1 yields no elements. This completes the proof of the main theorem. Link slopes L [3, 3] (−2, −2) (−2, −1) (−1, −4) (−1, −3) (−1, −1) (5, 4 3 ) L [3,2n−1] (n − 2, n − 2) (n + 3, 2n−1 2 ) L [2m+1, −3] (m − 3, 2m+1 2 ) (m + 2, m + 2) L [2m+1,3] (m − 1, m − 1) (m + 4, 2m+1 2 ) L [2m+1, −5] (m − 5, m) L [5,2n−1] (n, n + 5) L [2m+1,5] (m + 1, m + 6) Table 3 . Exceptional fillings on Link (b-2) Link slopes L [2,2n+1,2] ( Table 4 . Exceptional fillings on Link (b-3)
Link slopes L [3, 2, 3] ( Table 5 . Exceptional fillings on Link (b-4) Link slopes L [3,2,2,2l−1] (l − 2, l − 2) Table 6 . Exceptional fillings on Link (c-1) Lemma A.1. Let a, k be integers with a = 0, k ≥ 1, and y a rational number with y = 0. Then we have the following.
(1) [2, . . . , 2 k ] = k k + 1 . Proof. The proof is achieved by an induction on k. We omit details here.
Here we give a proof of Lemma 2.4. Then we obtain the continued fractions in Lemma 2.4 (1). If b is even and c is odd, then replacing −(b + 1) into 2n − 1 and −(c + 1) into 2l, we have [2m + 1, 2n − 1, 2, 2l] with m ≥ 1, n ≤ −1, l ≤ −1.
Then we obtain the continued fractions in Lemma 2.4 (2). Then we obtain the continued fractions in Lemma 2.4 (4), and complete the proof of Lemma 2.4.
Next we give a proof of Lemma 2.5.
Proof of Lemma 2.5. Let [b 1 , . . . , b k ] be an even continued fraction of p/q with at most two channel indices and k ≥ 3. As already introduced in the proof of Proposition 2.3, we may assume that either (i) b 1 ≥ 4, or (ii) b 1 = 2 and b 2 ≤ −2.
First we consider an even continued fraction with just one channel index. Since the index i = 1 is a channel index, an even continued fraction [b 1 , . . . , b k ] with just one channel index is one of either
with |b 2 | ≥ 4. Since k ≥ 3, [b 1 , b 2 ] is unsuitable. We consider the two cases where (i) b 1 ≥ 4, and (ii) b 1 = 2 and b 2 ≤ −2.
(i) Assume that b 1 ≥ 4. By Lemma A.1 (1), we have
Replacing b 1 − 1 into 2m + 1 and −k into 2n − 1, we have
where m, n are integers with m ≥ 1, n ≤ −1. Similarly, by using Lemma A.1 (2) and replacing b 1 + 1 into 2m + 1 and k into 2n − 1, we have
where m, n are integers with m ≥ 2, n ≥ 2. (ii) Assume that b 1 = 2. Using Lemma A.1 (2) and replacing k into 2n − 1, we have
where n is an integer with n ≥ 2.
Combining (i) with (ii), we obtain the continued fractions in Lemma 2.5 (0).
Next we consider an even continued fraction with just two channel indices. As in the former case, we consider the two cases where (i) b 1 ≥ 4, and (ii) b 1 = 2 and b 2 ≤ −2.
Recall that the index i = 1 is a channel index in each case. (ii) Assume that b 1 = 2 and b 2 ≤ −2. By the same enumeration, we have the followings: Combining (i-1-1) with (ii-1-1), (i-1-2) with (ii-1-2), (i-1-3) with (ii-1-3), we obtain the following respectively. From (i-2-1) and (i-2-2), we obtain the following respectively. Combining (i-3-1) with (ii-3-1), (i-3-2) with (ii-3-2), we obtain the following respectively. with m ≥ 1, |n| ≥ 2, l ≥ 1. In addition, if m = 1, then n ≤ −2 holds. Then we obtain the continued fractions listed in Lemma 2.5 (2) .
By the similar argument, for the continued fraction (1-3), using Lemma A.1 (2) and replacing a, b, c suitably, we obtain the continued fractions listed in Lemma 2.5 (3) .
For the continued fraction (2-1), using Lemma A.1 (3), we have 
